The population of stellar-mass, compact object binaries that merge with non-negligible eccentricity may be large enough to motivate searches with ground-based gravitational wave detectors. Such events could be exceptional laboratories to test General Relativity in the dynamical, strong-field regime, as a larger fraction of the energy is emitted at high-velocities, compared to quasi-circular inspirals. A serious obstacle here, however, is the challenge of computing theoretical waveforms for eccentric systems with the requisite accuracy for use in a matched-filter search. The corresponding waveforms are more a sequence of concentrated bursts of energy emitted near periapse than a continuous waveform. Based on this, an alternative approach, stacking excess power over the set of time-frequency tiles coincident with the bursts, was recently suggested as a more practical (though sub-optimal) detection strategy. The leading-order "observable" that would be inferred from such a detection would be a sequence of discrete numbers characterizing the position and size of each time-frequency tile. In General Relativity, this (possibly large) sequence of numbers is uniquely determined by the small set of parameters describing the binary at formation. In this work, following the spirit of the parameterized post-Einsteinian framework developed for quasi-circular inspiral, we propose a simple, parameterized deformation of the baseline general relativistic burst algorithm for eccentric inspiral events that would allow for model-independent tests of Einstein's theory in this high-velocity, strong-field regime.
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I. INTRODUCTION
The dynamical and non-linear, strong-field regime of General Relativity (GR) is essentially unconstrained by observations and experiment [1, 2] . One characterization of this regime is a scenario where a source of large spacetime curvature experiences sufficiently rapid acceleration (as measured by a distant inertial observer) to produce gravitational wave (GW) emission approaching the Planck luminosity L p = c 5 /G.
Vacuum GR has no intrinsic scale, so one could argue that there is nothing particularly relevant about L p compared to any other unit-luminosity in some other system of units. However, if one considers a particular GW emission process with an energy scale E = M c 2 (here M is the total rest mass of the binary) occurring within a region of size R (here, the binary diameter), arguments based on the Hoop Conjecture [3] suggest this can only exceed L p if cosmic censorship is violated. Thus, in GR L p is a natural scale to expect the most radical phenomena of the theory to occur.
At luminosities of O(10 −27 )L p , the double pulsar PSR J0737-3039 [4] is to date the most luminous system with inferred GW emission, yet this alone is wholly inadequate to give confidence that GR's predictions hold all the way to the Planck scale. Fortunately, the next generation of ground based GW detectors-LIGO [5] [6] [7] [8] , KA-GRA [9, 10] , VIRGO [11] [12] [13] , GEO [14] [15] [16] [17] -are expected to soon observe binary black hole, binary neutron star, and black hole-neutron star mergers; the final stages of these collisions are expected to reach ∼ 10 −2 L p . Compact object binaries that have large orbital eccentricity, while emitting GWs in the frequency band of ground-based detectors, have long been dismissed as likely sources. This is because (i) GW emission is efficient at circularizing orbits with large pericenters, expected for the typical stellar binary progenitor systems, and (ii) more "exotic" channels of formation that could lead to small-pericenter/high-eccentricity systems were thought to be sufficiently rare to be irrelevant for the up and coming generation of detectors.
Although this may still be the prevailing view in the GW source modeling and detection communities, within the past several years more detailed studies of alternative formation channels suggest eccentric merger rates may be high enough to make them a plausible class of events to search for. Such mechanisms include dynamical capture during a close two-body encounter in a dense stellar environment [18, 19] , a single-binary interaction in a similar environment [20] , and the Kozai-Lidov mechanism in a hierarchical triple system [21] [22] [23] [24] [25] [26] (for more information see the discussions in [27, 28] ).
High-eccentricity mergers may be ideal for testing GR in the dynamical strong field regime, as, other parameters in the system being equal the peak GW luminosity achieved in these systems is typically higher than in a quasi-circular inspiral. Furthermore, although the integrated power radiated is comparable, more of it comes from the high-luminosity regime in eccentric mergerssee for example Fig. 1 . However, no studies have yet been done that show eccentric mergers would in practice be better than quasi-circular systems for constraining strong-field gravity, in particular given some of the issues with templates discussed below. One goal of this paper is therefore to lay a theoretical foundation to quantitatively
FIG. 1:
Histogram illustrating the fraction of GW energy radiated as a function of the GW luminosity in Planck units for an eccentric (black) and a quasicircular (red) inspiral, computed using the Newtonian orbit plus quadrupole emission model discussed in the text. The eccentric inspiral starts at an initial pericenter of 8M and eccentricity of 0.99. The quasicircular inspiral starts at a separation of 800M , corresponding to the same initial semi-major axis as the eccentric inspiral. Both orbits are terminated at the innermost stable orbit at pericenter distance rp = (3 + e f )/(1 + e f )2M , with e f the "final" eccentricity before plunge. We have thus left out the GW energy emitted during plunge, merger and ringdown, which in both cases would contribute to the energy at luminosities of order 10 −3 to 10 −2 Lp. Observe that while the quasi-circular inspiral emits radiation at all luminosities below this, the eccentric inspiral does not emit energy below 10 −5 Lp for the system considered, concentrating all its power at higher luminosities.
begin to address this, and related questions.
Using GW observations of compact binary mergers, eccentric or not, to test GR or search for deviations from its predictions is not a straightforward endeavor. One of the problems lies with the reliance on theoretical templates of expected events to go beyond mere detection and infer properties of the source. Any aspect of a detected source not reflected in the template bank, whether due to modeling deficiencies within GR, or problems with the theory itself, will lead to a misidentification of the source as the best-fit member of the template bank, and by inference the theory used to construct it.
This problem of fundamental theoretical bias in the GW detection endeavor was the motivation for the development of the parameterized post-Einsteinian (ppE) framework [29] . The basic idea is to begin with a class of sources (quasi-circular, compact binary inspirals in the case of [29] ) for which there is decent evidence that GR predictions are sufficiently accurate for some fraction of events to still be detected with GR templates. Then, one considers a set of "well-motivated" plausible alterations to the theory-additional energy emission channels, GW polarizations, new conservative terms that appear at high v/c in an effective Hamiltonian description, examples from specific alternative theories, etc.-and how these alterations imprint on the eventual observable (the response function in the case of [29] ). Following this exercise, one proposes a parameterized set of deformations of the baseline GR observable, that capture the particular case studies considered for specific values of the parameters, and reduce to the GR result in the appropriate limit. After a putative detection of a source with GR templates, a follow-up study with ppE templates could then be performed to either quantify the consistency of the event with GR as the underlying theory, or give evidence for a correction to GR. Several studies have since illustrated the efficacy of this approach (see e.g. [30] [31] [32] ).
The main goal of this paper is to introduce a ppE framework to allow the use of GW observations of higheccentricity, merger events to test GR. One approach would simply be to extend the original ppE waveforms to now include eccentricity as a parameter. The problem with this is that it is unlikely that high-eccentricity GR templates with sufficient accuracy to use in matchedfiltering searches will be available by the time detectors begin their next observing runs. This is because higheccentricity coalescences lead to waves that are emitted in a sequence of concentrated bursts-a large emission of radiation in a small time-frequency window-each associated with periapse passage. Even a small error in the waveform phase could lead to a huge timing error for when the next burst occurs, leading, in turn, to a huge loss of signal-to-noise ratio (SNR).
To partially alleviate this problem, Ref. [27] proposed that, as an alternative to matched filtering, a power stacking algorithm could be employed, where power in a set of time-frequency tiles informed by a theoretical model could be added together to search for a statistically significant excess. Each tile is centered about one of the GW bursts. The advantage of power stacking is that the model only needs to predict the waveform to a phase accuracy of order one cycle over the time of emission in band, compared to a small fraction of a cycle required by matched filtering. The disadvantage is that this will not give an optimal SNR; roughly speaking, for an N burst event, power stacking will achieve an SNR proportional to N 1/4 times that of a single burst, versus N 1/2 using matched-filtering (for a more detailed analysis see [28] ).
A. Executive Summary
We here adapt our ppE framework to highly-eccentric binaries, assuming a power-stacking detection strategy. We follow the same procedure as that outlined above for the original, quasi-circular ppE framework, with the key difference that the observable is now the set of parameters characterizing the burst sequence. Each burst can be described by four numbers that specify the center, width and height of a tile in the time-frequency plane, capturing a desired fraction of the energy of the burst. In GR, the sequence of bursts is uniquely characterized by the small set of parameters describing the "initial conditions" of the binary; to leading, Newtonian order in a weak field expansion, these are the symmetric mass ratio η, the total mass M , the pericenter of the first encounter r p,0 , and the initial orbital eccentricity e 0 .
A ppE burst-sequence for a given event is a parameterized deformation of the GR burst sequence. Naïvely, this would require a ppE parameter for each of the 4N parameters of an N -burst sequence. However, as with the original ppE, we restrict the class of deviations to those that are well-motivated in the sense described previously. Using a simplified model of the GR sequence to allow for an analytic study, we show that only 8 ppE parameters suffice to capture a wide class of deformations. Physically, these parameters correspond to deformations in the binary's binding energy and angular momentum (i.e. the conservative sector) and their rate of change (i.e. the dissipative sector). We then postulate that this ppE deformation can be applied to an arbitrarily accurate baseline GR burst sequence model.
To be more concrete, we propose the following burst algorithm, the first key ingredient of which describes the properties of the GW emission coming from the i th burst in the sequence:
is the function giving the period of the orbit preceding the i th burst in GR (see e.g. Eqs. (19) - (22)).
The GR functions and ppE corrections in Eqs.
(1)-(4) depend on the pericenter r p,i and eccentricity e i of the corresponding orbit, however the orbit changes from one burst to the next. Thus the second key ingredient to the burst algorithm describes the mapping from the (i − 1) th to the i th orbit:
Here (γ ppE , δ ppE ) are ppE amplitude parameters, and (c ppE ,d ppE ) are ppE exponent parameters, and we have defined ∆δe i,i−1 = e i−1 − e i . As before, the quantities with a GR superscript represent the mappings in GR (see e.g. Eqs. (17)- (18)).
We only need 4 ppE amplitude parameters and 4 ppE exponent parameters to characterize deformations to eccentric bursts. The number of parameters makes sense, since such dynamical encounters are really controlled by only 4 quantities to leading-order in a weak-field expansion: the binding energy, the orbital angular momentum, the energy flux and the angular momentum flux. Deforming each of these relations through polynomials of the form ǫ i (M/r p ) ei , for amplitude coefficients ǫ i and exponent coefficient e i , then leads to deformations to the GR burst sequence that can only depend on 4+4 parameters. We also here calculate how the ppE parameters of the burst sequence map to deformations to the binding energy, angular momentum and fluxes, i.e. how (α ppE , β ppE , γ ppE , δ ppE ) and (ā ppE ,b ppE ,c ppE ,d ppE ) map to (ǫ 1 , ǫ 2 , ǫ 3 , ǫ 4 ) and (e 1 , e 2 , e 3 , e 4 ).
Finally, we investigate two specific modified theories of gravity, develop burst algorithms for them and determine whether they can be mapped to the above ppE framework. In particular, we consider massless, BransDicke (BD) theory [33, 34] and Einstein-Dilaton-GaussBonnet (EDGB) theory [35, 36] . Both of these modify the Einstein-Hilbert action through a dynamical scalar field, sourced by the matter stress-energy tensor and by a certain combination of quadratic curvature invariants respectively. Both of them lead to dipolar GW emission, which we calculate here for the first time for nonspinning, eccentric inspirals. Such emission leads to a modified burst algorithm, which we prove explicitly maps to the ppE deformations proposed above.
We emphasize again that our goal here is to construct a ppE deformation of eccentric burst sequences. Clearly, much follow-up work is needed to actually demonstrate that this is a useful approach to constrain GR or search for new physics in the strong-field regime. We also note that an approach like this may be useful to search for finite body and equation of state effects in higheccentricity mergers involving neutron stars. Namely, here one would assume GR is correct, use the GR pointparticle (black hole) sequence as the baseline, and add parameterized deformations to capture difficult-to-model physics, finite body effects, or uncertainties in the nuclear equation of state. These topics, as discussed in the conclusion, are left for future work.
The remainder of this paper presents the details of the calculation that lead to the results described above. Section II reviews how to build a burst algorithm for eccentric encounters in GR. Section III rederives such an algorithm in theories that are parametrically deformed away from GR, discussing the ppE parameterization in more detail. Section IV derives burst algorithms for two example theories. Section V concludes and points to future research. Henceforth, we use geometric units where G = 1 = c.
II. ANALYTIC MODELING IN GR
In this section we construct an analytical burst algorithm within GR. We assume that either the binary is already in a high-eccentricity orbit, or it is in a hyperbolic or parabolic orbit that after the first close encounter becomes bound due to GW emission. We derive the mapping between the time-frequency tiles of each burst to leading post-Newtonian (PN) order in a weak-field/slowmotion expansion. As such, this will only be a proof of concept model to guide the development of the ppE extension; a more realistic, higher-PN order or a numerical model will be built in future work.
A. Size of Tiles
Let us first consider how to choose the time-frequency size of the burst tiles. Since most of the radiation occurs when the system is in the neighborhood of the point of closest approach, the temporal width is proportional to the characteristic GW time [37] :
where M is the total mass of the binary, e is the eccentricity of the orbit and we have mapped the two-body problem to an effective-one-body problem. The temporal width of the tile can then be written as
where ξ t is a proportionality constant of order unity. To leading order, the characteristic frequency of GW emission on a single pericenter passage will be proportional to the reciprocal of the characteristic time,
This frequency is roughly where most of the signal power is emitted, as discussed in [37, 38] . One should then center the tiles at this characteristic frequency and choose the tile width to be
with proportionality constant ξ f of order unity. The choice of proportionality constants ξ t and ξ f would be determined by a combination of modeling and data analysis considerations. For example, they should be sufficiently large that the tile overlaps the majority of the GW energy of actual bursts given some estimate of modeling errors, though not so large as to cause an unacceptable falsealarm rate. For more discussion on these issues see [28] .
B. Mapping between Tiles
To construct a simple, analytical model to map from one burst tile to the next, we approximate the binary orbit following the initial encounter as a sequence of Newtonian ellipses, with the parameters of each ellipse changing instantaneously at pericenter passage due to the emission of GWs, calculated to leading order in v/c. This is a decent approximation while the eccentricity is large, so that little energy is emitted away from pericenter, and while pericenter distances are large, so that higher order terms in v/c are negligible (some justification for these statements is given in Appendix A).
Of course, for the class of binaries that could be within reach of ground based detectors, much of the observable GW emission will come from stages of the evolution where these approximations are poor. Regardless, we emphasize again that the use of these approximations is only to allow a simple analysis of non-GR corrections to the dynamics that later motivate the form of the ppE deformations given in Eqs. (1-6). In those expressions, the GR mapping between bursts can be calculated as accurately as possible, for example through full numerical relativity simulations. Thus, in Eqs.
(1-6) we target GR deformations that continue to follow the same parametric deviations as derived below using the less accurate GR model.
First, we characterize the orbit (open or closed) preceding the first close encounter by an initial pericenter distance r p,0 and eccentricity e 0 . This orbit will have an energy E 0 and angular momentum L 0 . About the time of closest approach, a burst of radiation is emitted, changing the energy and angular momentum by ∆E = E 1 −E 0 and ∆L = L 1 − L 0 , which to leading PN order is [39, 40] : 
The symmetric mass ratio η = µ/M , where µ = (m 1 m 2 )/M is the reduced mass. If the initial system is unbound (e 0 > 1), then we require the first encounter to be sufficiently close that the system becomes bound, namely that r p,0 < r p,bound with 
The emission of energy and angular momentum due to this zeroth-encounter will lead to a new r p,1 and e 1 characterizing the first full orbit in the sequence. These parameters can be obtained by solving for (r p,1 , e 1 ) in terms of E 1 and L 1 . To leading PN order, the relations between these parameters are given by [39] 
where we have introduced the reduced energy E ≡ −E/(M η) and angular momentum L ≡ L/(M 2 η). The time to the next burst is then given by the orbital period T orb of the ellipse with (r p , e) = (r p,1 , e 1 ):
where a is the semi-major axis of the ellipse, and we have defined δe ≡ 1 − e. Above, we have explicitly described the evolution of the system from the initial encounter to the next, though as long as δe remains small and r p large, all subsequent orbits can be calculated applying exactly the same formulas. Doing so, to leading order in δe and M/r p we find the following map from the parameters of the (i − 1) th to the i th orbit :
, δe
Note that the above definition of ∆δe i,i−1 is equivalent to its previous one (∆δe i,i−1 = e i−1 −e i ). The time between the (i − 1) th and i th burst is the period of the i th orbit
Using the above functions, we can relate the desired properties of the GW burst following the i th orbit to the parameters of the preceding orbit via:
We have added here and in Eqs. (17) to (19) a GR superscript to remind us that these mapping relations are the predictions of Einstein's theory. In practice, the burst sequence given by iteration of these equations must be terminated at some point. For the derivation of the ppE deformations this is not necessary, though we briefly mention some of the issues that might need to be considered. First, regardless of eccentricity, when the pericenter separation approaches an effective inner-most stable orbit, the binary will merge. If the eccentricity is still large at this moment, the plunge/merger/ringdown could be modeled as the final burst, though it would have different characteristics (and ppE deformation) in the time-frequency plane than the fly-by bursts. For orbits with large initial pericenter passage, the orbit can become sufficiently close to circular before merger that the binary begins to emit high luminosity GWs essentially continuously; i.e. in the burst model, the time-frequency tiles will begin to touch, or even overlap if (ξ t , ξ f ) are large enough. This is not apriori a problem (see for example [41] ), though alternatively it may be more efficient at this stage to analyze the rest of the inspiral with a traditional matched filtering algorithm, using small eccentricity waveform templates. Such templates would need to be ppE-deformed as well, and it would be necessary (and an interesting exercise on its own) to map the burst-ppE parameters to those of ppE eccentric inspiral templates.
C. The Inverse Problem and Degeneracies
The parameter vector that describes the burst algorithms is λ a = (t 0,...,N , f 0,...,N , δt 0,...,N , δf 0,...,N ) for N bursts detected. That is, each burst is fully described by 4 parameters, thus leading to 4N pieces of information. However, an inspiraling, eccentric orbit in GR to leading PN order (neglecting spins) is described by a much smaller vector λ a sys = (M, η, e 0 , r p,0 ). Given λ a , the questions then are the following: how do we map back to λ a sys ; and what are the minimum number of bursts needed to specify this inverse map uniquely, if it exists? Answers to practical versions of these questions would require a more thorough analysis where detector noise is considered; here we just give a simple counting argument, and caution about degeneracies if a simple model, such as the one we use here, is employed.
Detection of the first burst provides four pieces of information, (t 1 , f 1 , δt 1 , δf 1 ). The parameter t 1 is unrelated to any physical parameters. The parameter f 1 (for example) depends on M , r p,0 and e 0 , so it can be used to infer one component of λ a sys . The parameters δt 1 and δf 1 both depend on τ GW , which in turn depends only on f 1 ; thus they do not provide independent information. If a second burst is detected, four more pieces of information are obtained: (t 2 , f 2 , δt 2 , δf 2 ). As before, measuring one of (f 2 , δt 2 , δf 2 ) uniquely determines the other two, but now t 2 does depend on the system parameters. Hence in principle we have two new independent pieces of information from the second burst. Similarly for a third burst, but we know there are at most four independent numbers in λ a sys here, and hence three consecutive bursts should suffice to determine it. This counting argument assumes there are no degeneracies amongst the parameters, which is not the case if leading PN order expressions are used to construct the algorithm. In that case, there is a degeneracy between M , η and r p , and the burst algorithm actually only depends on the physical parametersλ 
The situation is very reminiscent to degeneracies that arise in the stationary-phase approximation to the Fourier transform of the response function for GWs emitted during quasi-circular inspirals: the Fourier phase only depends on M to leading PN-order, and not on both m 1 and m 2 independently. Of course, if one were to develop a burst algorithm beyond leading PN order, these degeneracies would be broken.
III. MODELING BEYOND GR
In this section, we use the simple GR burst algorithm developed in the previous section to construct a ppE generalization. We consider model-independent deformations of GR that lead to modifications to the conservative dynamics of the form
and modifications to the dissipative dynamics of the forṁ
where (E GR , L GR ) are the GR orbital energy and angular momentum, while (Ė GR ,L GR ) are the GR orbital energy and angular momentum flux.
The modifications introduced above are reasonable when one is searching for strong-field modifications to GR in the following sense. They must be proportional to a variable that is small in the weak-field to be consistent with existing observations, yet large in the strong-field to offer a chance to be detectable with GW observations. A natural choice is the characteristic velocity of the system during emission, which for an eccentric inspiral occurs at pericenter and is inversely proportional to the pericenter radius. In fact, as we show in Sec. IV, the above deformations capture the leading order effects from certain modified gravity theories. Also, as discussed in Appendix B, an equivalent way to arrive at these changes is through polynomial deformations to the effective-onebody Lagrangian.
The post-Einsteinian corrections are parameterized by the amplitude coefficients δλ a ≡ (α, β, γ, δ) ∈ ℜ and the exponent coefficients δℓ a ≡ (ā,b,c,d) ∈ Q. In principle, the vector δλ a need not be constant, and in fact, it may be a function of other orbital parameters, such as the eccentricity or spin. Nonetheless, if we focus only on small GR deformations, and on orbits that are highlyeccentric, then δλ a will be a constant dependent only on the coupling parameters of the theory; we will work here to first-order in δλ a . On the other hand, δℓ a can have any magnitude, except that (ā,b) > 0 if the GR corrections are to lead to well-behaved observables in the weak-field. If this were not the case, then the spacetime that generates such corrections would not be asymptotically flat. The subset (c,d) can be less than zero, as is the case in theories of gravity with dipolar radiation.
One could parameterize GR deviations with a different functional basis, such as natural logarithms, but a powerlaw basis is perhaps more natural, unless screening is present. In the next subsection, we will investigate how these parameterized post-Einsteinian corrections modify our burst algorithm; most of this analysis will closely follow the work presented in Sec. II.
A. Size of Tiles
The first ingredient of the algorithm is the size of the tiles, which is given by the characteristic GW time, τ ppE GW , defined in Eq. (7). In a modified gravity theory, however, the periastron velocity is not the same function of (r p , e) as in GR, because of the modification to the binding energy in Eq. (27) . In Eq. (B14), we present the corrected expression, which then leads to
The characteristic GW frequency, f ppE GW
, then follows straightforwardly from Eq. (9) . The next step is to find the dimensions of the tiles. Using the same notation as in Sec. II, we easily find
where δt GR and δf GR are given by Eqs. (8) and (10) respectively.
B. Mapping Between Tiles
We now seek to determine how the mapping between tiles is modified in our ppE model. Just as in GR, we need to determine how the orbital quantities map from one burst to the next: (r p,i , e i ) → (r p,i+1 , e i+1 ). Let us begin by mapping the ppE deformations of the energy and angular momentum to the pericenter distance and eccentricity. Using the leading, Newtonian order expressions for E GR and L GR in a weak-field expansion, we find
The pericenter distance and the eccentricity of the i th burst is thus controlled by the dimensionless energy E and angular momentum L of that burst, just as in Eqs. (14) and (15), but with ppE modifications.
The next step is to find how the energy and angular momentum evolve from one burst to the next. We prescribe this evolution through the perturbative algorithm described below Eq. (12) . The ppE corrected energy and angular momentum flux are given in Eqs. (29) and (30) respectively, where we takeĖ GR andL GR to leading, Newtonian order. We can then insert these expressions in Eqs. (34) and ( , δe 
where we have defined ∆δe
− δe i−1 . As before, we can now construct the mapping between tiles. By combining the above results, we find
where we have defined
and where ∆t
are the GR mappings of Eqs. (19)- (22) . Recall that these quantities are all implicit functions of (r p,i−1 , e i−1 ), with the mapping (r p,i , e i ) → (r p,i−1 , e i−1 ) given in Eqs. (36) and (37) . The time to the next burst is obtained by using the ppEmodified orbital period in Eq. (38) . The frequency to the next burst is given by the inverse of the ppE-modified GW characteristic time in Eq. (31), while the size of the burst windows in time-frequency space is given in Eqs. (32) and (33) .
C. A parameterized-post Einsteinian Burst Framework
The previous subsection inspires the ppE burst algorithm presented in Eqs.
(1)-(6), where we have redefined the ppE amplitude and exponent coefficients. Notice that we only need two sets of parameters in Eqs. (1)-(4), (α ppE ,ā ppE ) and (β ppE ,b ppE ), since the frequency of the next burst, the temporal and the frequency sizes of the burst window are all controlled by a single quantity, the characteristic time τ GW .
The amplitude parameters (α ppE , β ppE , γ ppE , δ ppE ) are, in principle, not only functions of the coupling constants of the theory, but also functions of the eccentricity of the i th orbit. When working in the high-eccentricity limit, one can expand these via ǫ ppE (e i ) =ǭ ppE,0 +ǭ ppE,1 δe i + O δe
where ǫ ppE (e i ) is any of (α ppE , β ppE , γ ppE , δ ppE ), while (ǭ ppE,0 ,ǭ ppE,1 ) are related constants. One may wonder how the ppE parameters (α ppE , β ppE , γ ppE , δ ppE ) and (ā ppE ,b ppE ,c ppE ,d ppE ) in Eqs.
(1)-(6) map to the deformations to the conservative and dissipative dynamics in Eqs. (27) - (30) . By comparing the former to the equations in the previous section, one finds that α ppE = −α andā ppE =ā. The mapping between the other parameters, however, depends on which sector is most dominant in PN theory, i.e. which coefficient (ā,b,c,d) is largest. If one knows what the deformations in Eqs. (27) - (30) are, one can then construct a one-to-one mapping between these and the ppE coefficients:
where LO stands for the leading-order term in an M/r p ≪ 1 expansion, which of course depends on the value of (ā,b,c,d).
With this algorithm at hand, one can formulate the following tests of GR. Given a detection of N bursts, one obtains the observables (t 0,...,N , f 0,...,N , t 0,...,N , f 0,...,N ). The data should be completely described by the system parametersλ a sys = (M, R 0 , e 0 ), the ppE amplitude parameters (α ppE , β ppE , γ ppE , δ ppE ) and the ppE exponent parameters (ā ppE ,b ppE ,c ppE ,d ppE ). Provided we detect enough bursts (i.e. N is large enough), one should be able to study whether the data prefers a GR model, i.e. one with (α ppE , β ppE , γ ppE , δ ppE ) = (0, 0, 0, 0), or not. As in the quasi-circular case, one expects there to be degeneracies between the ppE parameters [30] . The extent to which such degeneracies affect the tests of GR proposed here will be investigated in detail elsewhere. One could of course also extend the ppE parameterization to include more ppE coefficients, but this may dilute the strength of the GR tests.
IV. BURST MODELS IN MODIFIED GRAVITY
In this section, we study GW bursts in two specific theories of gravity: EDGB and BD theory. In particular, this will require the calculation of the binding energy, angular moment, energy flux and angular momentum flux for eccentric inspirals, some of which had not been calculated before. Such a study will allow us to determine the efficiency of the ppE modifications to capture specific GR modifications.
A. Einstein-Dilaton-Gauss-Bonnet Gravity EDGB is a quadratic modified gravity theory that corrects the Einstein-Hilbert action through the product of a dynamical scalar field ϑ and the Gauss-Bonnet invariant. The field equations for the metric and the scalar field are given for example in [35] . Black hole and neutron star solutions were found in [35, 42] , while binary systems were analyzed in [35, 36] . This theory contains one coupling constant ξ, with dimensions of length to the fourth power; the theory reduces to GR in the limit ξ → 0. The strongest constraint on ξ has been derived from observations of low-mass X-ray binaries in [43] , namely ξ 1/4
5×10
3 m. One of the most important EDGB modifications to GR occurs when considering binary black holes, which emit gravitational dipole radiation due to the excitation of the scalar field, which induces −1PN order corrections [36] . For neutron star binaries, it is not clear that gravitational dipole radiation is excited, so in the rest of this section, we will consider only bursts emitted by systems where at least one of the binary components is a black hole.
Let us first consider the effective-one-body problem for a particle in an eccentric orbit about a compact object, with specific orbital energy E and magnitude of (the zcomponent of) angular momentum L. Recall that when mapping the two-body problem to an effective-one-body problem, the mass of the particle is simply the reduced mass of the black hole binary µ = m 1 m 2 /(m 1 + m 2 ), while the mass of the compact object is the total mass M = m 1 + m 2 . For a black hole binary, the effective potential in EDBG is given by Eq. (13) in [44] :
is the effective potential in GR [45] , while δV eff = −E 2 h/2 − V GR eff k/2, where f = 1 − 2M/r is the so-called Schwarzschild factor, with [44] 
and ζ ≡ ξ/M 4 . The orbital energy and angular momentum for an eccentric orbit can be found by determining the turning points in the orbits (see also Appendix B). The EDGB corrections for a black hole binary are then
where E GR and L GR can be found e.g. in [46] , and where we have expanded to leading-order in ζ and M/r p . In the second lines of the above equations, we have also expanded in δe ≪ 1. We have checked that these results agree exactly with those in [44] when one takes the circular limit e → 0. Let us now consider how the orbital energy and angular momentum change due to radiation losses. When considering binaries where at least one of the components is a black hole, the dominant radiation loss is due to scalar-field emission [see e.g. Eqs. (122) in [36] and (B23) in [47] ]:
where
1/2 the scalar charges of the compact objects, ζ 1,2 = ξ/m 4 1,2 , x i 1,2 the position vector relative to the center of mass, and stands for orbit averaging. The above expressions have already been angle averaged (i.e. integrated over solid angle at spatial infinity). Carrying out the orbit average, we finḋ
(1 + e)(1 + 
whereĖ GR andL GR are the energy and angular momentum flux in GR [39, 40, 45] , and where we have defined
2 . Again, in the second lines of the above equations we have expanded in δe ≪ 1. Notice that when m 1 = m 2 , then S EDGB = 0 and dipole radiation vanishes. We have checked that these results agree exactly with those of [47] in the circular limit e → 0. For mixed neutron star-black hole binaries, we set ζ 1 = ζ BH = ξ/m 4 BH and ζ 2 = ζ NS = 0. We can then easily map between the EDGB deformations described above and the ppE deformations of Eqs. (27)- (30):
(1 − e) 
and δℓ a EDGB = (3, 2, −1, −1). Notice that δλ a EDGB are all functions not only of the coupling constant of the theory ζ, but also of the eccentricity. Expanding to leadingorder in δe ≪ 1, we find
with remainders of O(δe). When considering GW bursts emitted by binaries where at least one of the components is a black hole, we then have all the necessary ingredients to construct the burst algorithm within EDGB. Combining our results with Eqs. (36) and (37) and working to leading, PN order and to first order in δe, we find
Recall that ∆t
are functions of r p,i and δe i , which are related to the parameters of the previous burst via
where recall that ∆δe
− δe i−1 . Notice that the above EDGB modified burst algorithm maps exactly to the ppE burst model of Sec. III C. First, focusing on the temporal mapping of the burst tiles, we see that
Next, notice thatā = 3 >b = 2 in EDGB, and thus for the frequency mapping
For the eccentricity mapping, we find that
sincec = −1 <ā in EDGB. With this, it then becomes clear that
because 5/2 +c = 3/2 in EDGB. We thus see that the EDGB burst model can be mapped to the ppE model to leading-order in the EDGB deformation parameter. As mentioned at the beginning of this subsection, one must be careful when apply the above ppE corrections to systems that contain neutron stars, since dipolar emission may be suppressed. Thus, in a mixed black holeneutron star system, only the black hole would emit dipole radiation. Although the scalar charges for neutron stars have not yet been computed explicitly, it is expected that they will introduce corrections that are higher PN order compared to the dipolar radiation corrections described above when in presence of a black hole. This is why, when considering mixed binary systems above, we set ζ 2 = ζ NS = 0 and only consider the effect of the black hole.
B. Brans-Dicke Theory of Gravity
BD theory [33] is a particular scalar-tensor theory of gravity that has been extensively studied in the past (for a review, see e.g. [34] ). In this theory, the Ricci scalar in the Einstein-Hilbert action is multiplied by a dynamical scalar field φ, which has the effect of effectively promoting Newton's gravitational constant G to a function of spacetime. The field equations for the metric and the scalar field can be found e.g. in [33, 34, 48] . Neutron stars in BD theory have been found in [48, 49] ; black holes are not modified from their GR solution [50] [51] [52] . Binary systems in BD theory were studied e.g. in [48, 53] . This theory possesses a dimensionless coupling constant ω BD ; the theory reduces to GR in the limit ω BD → ∞. The strongest constraint on the BD coupling constant comes from tracking of the Cassini spacecraft, which requires ω BD > 4 × 10 4 [54] . One of the most important BD modifications to GR is that the dynamical BD field induces dipolar emission of energy and angular momentum, just as in EDGB. Unlike EDGB, however, the conservative dynamics are not modified to leading PN order.
Let us then consider the rate of change of the binding energy and angular momentum. Since the relation between the orbital period and the binding energy in BD is unchanged from GR, we can easily calculate the luminosity throughṪ orb /T orb = − 3 2Ė /E. Using the leading PN order expression forṪ orb (the second term in Eq. (2.26) of [48] ), we can then finḋ 
where n and R are the unit vector and distance from the center of mass to a field point respectively, ∇ and × are the flat-space, spatial gradient and cross-product operators respectively (the latter of which is to be evaluated in theẑ-direction, normal to the orbital plane) and the cosmological value of the scalar field is φ 0 = 1 + O(1/ω BD ). Note that the above expression is both an angle average (the dΩ integral) and an orbit average (the operator). The far-zone solution for the scalar field is [48] 
to lowest order in the relative orbital velocity v =˙ x 2 − x 1 , where recall that η is the binary's symmetric mass ratio, M is the total mass and · is the flat-space inner product operator. Combining all of this and upon angle averaging, we obtaiṅ
where L is the orbital angular momentum and r = | x 2 − x 1 | is the orbital separation. We now orbit average to obtaiṅ to linear order in 1/ω BD . To our knowledge, this result has not previously appeared in the literature. Furthermore, one can show that prior to orbit averaging,Ė
In the above expression,Ė (φ) is given by Eq. (6.16) in [55] and Ω orb is the orbital frequency. As in the case oḟ
z is suppressed when considering black hole or neutron star binaries, with the largest modifications arising from mixed binaries.
We can now map the leading, PN order, BD modifications to the binding energy and angular momentum to the ppE deformations of Eqs. (27) 
and δℓ a BD = (0, 0, −1, −1). Once again, the dissipative sector corrections control the dominant ppE modifications. Notice also that δλ a BD clearly depends on the eccentricity, in addition to the BD coupling parameter. Expanding the above expressions to leading-order in the high-eccentricity limit, we find
with remainders of O(δe).
With the amplitude and exponent coefficients specified, we can now build the burst algorithm in BD theory. We find that the functionals of the burst algorithm are actually not modified from the GR result:
but the mapping (r p,i , δe i ) → (r p,i−1 , δe i−1 ) is modified via
Thus the burst algorithm in BD theory does properly map to the proposed ppE burst model. We find that
since there are no corrections to the orbital energy and angular momentum in BD theory. Furthermore, from the pericenter and eccentricity mapping, we see that
which is very similar to the results found in EDGB. This is due to both theories having dipole radiation.
C. Projected Constraints
We here present a back-of-the-envelope calculation aimed at providing an order-of-magnitude estimate of how well these eccentric burst algorithms could constrain modified gravity theories. We stress that these are not rigorous projected constraints in any way; true projections would require a full data analysis investigation using Bayesian tools, which we leave to future work. We consider the variations in the time and frequency mappings between boxes due to GR parameters and modified gravity coupling constants.
Let us begin by recalling that the mapping between time-frequency windows in GR depends only on the vector λ a GR = (R, M, e). Let us further assume that a sufficiently large number of bursts have been detected, such that in GR one could estimate these parameters from these burst observations. In a modified gravity theory, the mapping between time-frequency windows will not only depend on λ a GR but also on λ a ppE = (α ppE , β ppE , γ ppE , δ ppE ) as well as on (η, M, R) due to the (M/r p ) dependence [see Eq. (89)]. Therefore, a GW modification can be measured or constrained provided λ a ppE produced a modification to the time-frequency mapping that is at least comparable to that introduced by λ a GR , i.e.
δ(∆t
Let us focus on the frequency mapping. One could also investigate GR deviation in the time mapping, which will depend on α ppE [Eq. (38) ], γ ppE [Eq. (5)] and δ ppE [Eq. (6) ]. Either way should lead to an order of magnitude estimate for the projected constraint that is comparable. The frequency mapping can be obtained by combining Eqs. (2) and (5):
Using the values of the ppE parameters in BD and EDGB theory, we find,
The form of these modifications is identical, since to leading PN order, both theories lead to a dipolar-type modification.
With this, we can now evaluate projected constraints from Eq. (86). This requires that we calculate the variation of ∆f i,i−1 with respect to the coupling constants of the theory. Recall that in BD the latter is 1/ω BD , while in EDGB it is just ξ. The evaluation of Eq. (86) also requires us to multiply this variation by δλ a GR and δλ a ppE . The latter is simply 1/ω BD in BD theory and ξ in EDGB theory, because their values in GR are zero.
We will consider the constraints that can be placed using the NSBH system considered in Appendix A, as it will have the largest dipole contribution of the three systems studied there. This means that m NS = 1.4M ⊙ and m BH = 10M ⊙ , which then automatically means that η ≈ 0.108 and M = 1.23M ⊙ . In BD, we choose s 1 = s BH = 0.5 and s 2 = s NS = 0.2; the sensitivity of neutron stars varies depending on their mass and equation of state, but the value 0.2 is representative [48] . In EDGB, we set ζ 2 = ζ NS = 0 since the corrections we have derived only apply to black holes. We will also need to choose values for the orbital eccentricity and the radius of curvature, which recall was defined as R = r 3/2 p /M 1/2 . We will here choose the initial value of e and r p from Table I , to calculate δe and R.
In an optimal scenario, δλ a GR scales roughly as 1/ρ GR , where ρ GR is the signal-to-noise ratio in GR, defined as
whereh GR (f ) is the Fourier transform of the GW signal (i.e. the frequency-domain waveform) and S n (f ) is the spectral noise density of the detector considered. For our purposes, we will consider the Advanced LIGO detector, for which S n (f ) is given e.g. in Eq. (2.1) of [56] . To obtain theh GR (f ), we use the method described in Appendix A to obtain the evolution of the orbit under radiation reaction. We then compute the time-domain waveform using Eq. (11) of [37] and use FFTW to obtaiñ h(f ). For the NSBH system considered, we set the distance to the source to be 600 Mpc, for which we obtain ρ GR = 13.2, after approximately 3, 650 bursts. With this at hand, the right-hand side of Eq. (86) can be easily computed using the data from Table I . In EDGB, the best constraint is then
while in BD theory it is
In both cases, the best constraint comes from using δλ a GR = R. We should note that ρ GR is not independent of the other parameters, namely (R, M, η). Thus, if one changes the SNR significantly from the above scaling, the other parameters must also be updated according to Eq. (92). These projected constraints are comparable to current constraints in the EDGB case, but not better than current constraints in the BD case. However, one should keep in mind that these projections are not rigorous but rather upper limits, since they do not account for parameter covariances.
V. DISCUSSION
We have proposed ppE deformations of the GW burst sequences describing highly eccentric compact object mergers, to allow for quantitative tests of dynamical, strong-field GR if detections of such events are made with an excess power stacking algorithm. The ppE model conveniently factors the mathematical description of the burst sequence into the GR prediction multiplied by polynomial functions of the inverse pericenter separation. These polynomials depend on eight parameters in total-four amplitude and four exponent coefficientswhich should capture the leading order dynamics of a class of generic deviations from GR for non-spinning, highly eccentric mergers. We have explicitly shown this beginning from a low, PN order approximation to the GR equations, valid for large pericenter encounters, though posit that the same factorization will hold if the GR description is replaced by a more accurate model. Future work could investigate whether this is indeed the case, using higher order PN or EOB equations, or comparisons to numerical relativity results. It will also be necessary to include the effects of spin in the GR models.
With the ppE model in hand, given detection of an event, or a population of events with the GR burst sequences, one can in principle quantitatively answer the following questions: How consistent are the signals with GR as the underlying theory governing the dynamics of the sources? If consistent with GR, what constraints can be placed on the coupling constants of specific alternative theories whose leading order deviations can be described by ppE parameters? If inconsistent with GR, what are the most likely ppE parameters, and what then does this tell us about the underlying theory? To see how effectively these questions could be answered in practice will require (for example) a Bayesian analysis as carried out in [30] [31] [32] using ppE templates for quasi-circular inspiral. Issues that need to be addressed here include how well parameters (first GR, then ppE) can be extracted from a burst sequence with models of detector noise, and how accurately the base GR burst sequence needs to be modeled. It would also be interesting to see how much better, if at all, eccentric mergers are versus quasi-circular inspirals to test GR.
Yet another interesting avenue for future research is to see whether a ppE-like approach could be adopted to extract finite size/matter effects from eccentric mergers where one or both members of the binary are neutron stars. In other words, the baseline "GR" component of the burst sequence would be the GR binary black hole model, while the ppE component would characterize tidal deformations, the effects of magnetic fields, the onset of disruption/merger, etc. One of the key pieces of physics governing neutron star structure, namely the equation of state at nuclear densities, is unknown, and properties such as the magnetic strength are expected to vary from one neutron star to the next, which in either case necessitates the introduction of additional parameters within the GR waveform model. If these effects can, at least to leading order, be captured by ppE deformations of vacuum mergers, they could automatically be searched for in a ppE analysis. Furthermore, this analysis would make transparent what the degeneracies between putative deviations from GR and finite body effects are. (see Eq. (13)), so could be examples of binaries formed via a 3 body interaction. For simply investigating the validity of the burst algorithm, the particular formation mechanism is not relevant; what matters is that e 0 is initially close to unity. The numerical evolution of the semi-major axis and eccentricity of the orbit are given in [39] , which we solve with the initial data in Table I . Figure 2 compares the orbital period and burst frequency computed with the burst algorithm to the numerical solutions for the first one hundred bursts. Observe that even for the most compact system, the algorithm is an excellent approximation with relative fractional errors smaller than 1%. The burst algorithm becomes inaccurate when the eccentricity has decreased such that the δe i−1 ≪ 1 expansions used in Eqs. (17) and (18) become inaccurate. By comparing the enhancement factors g 1 (e) and g 2 (e) with their high eccentricity expansions, one finds that requiring e > e min ≈ 0.7 is sufficient to guarantee the expansions remain reasonably accurate. When M/r p becomes large, the perturbative expansion of the change in the constants of the motion breaks down. One can estimate this error by investigating the 1PN modification to the energy and angular momentum flux in eccentric orbits [57] . For the systems we considered here, the 1PN terms are of order 0.1%-1% relative to the leading-order Newtonian terms we include in our analysis. One could improve on our GR burst model by keeping higher-order terms in δe and M/r p , or by replacing our analytic model by a purely numerical one.
